We present experimental data that show significant deviations from theoretical predictions for the location of the center of the electron momenta distribution at low values of ellipticity ϵ of laser light. We show that these deviations are caused by significant Coulomb focusing along the minor axis of polarization, something that is normally neglected in the analysis of electron dynamics, even in cases where the Coulomb correction is otherwise taken into account. By investigating ellipticity-resolved electron momenta distributions in the plane of polarization, we show that Coulomb focusing predominates at lower values of ellipticity of laser light, while Coulomb asymmetry becomes important at higher values, showing that these two complementary phenomena can be used to probe long-range Coulomb interaction at all polarizations of laser light. Our results suggest that both the breakdown of Coulomb focusing and the onset of Coulomb asymmetry are linked to the disappearance of Rydberg states with increasing ellipticity.
Tunnel ionization is believed to underlie many important phenomena in ultrafast science, whereby the combined Coulomb-laser field creates a potential barrier through which an electron can tunnel out of the atom and be accelerated by the strong laser field [1] [2] [3] [4] [5] [6] [7] . Due to the presence of a strong infrared field, after ionization the electron experiences primarily the force of the laser, with the force of the parent ion assumed to exert only a weak perturbation. Historically, this perturbation has been neglected, in an approach known as the strong field approximation [8, 9] . More recently, an approach has been proposed by Goreslavski et al. [10] that follows the classical trajectory of the electron after it appears at the tunnel exit, calculating the force of the parent ion as a perturbation along this trajectory. This approach predicts a Coulomb correction predominantly in the direction of tunneling, corresponding to the shift in the center of the electron momenta distribution largely along the major axis of polarization, and leading to asymmetry in electron momenta distributions [11] .
It has therefore typically been assumed that the Coulomb correction along the minor axis of polarization is negligible [6, 11, 12] . This assumption has been used in reconstructing electron dynamics involved in high harmonic generation (HHG) [6, 12] , where small ellipticity [12] or a weak transverse 2nd harmonic [6] was used to probe the dynamics along the major axis of polarization. Using this framework, the perturbative dynamics were described by neglecting the Coulomb field, resulting in decoupling between the motion along the major and minor axes of polarization, respectively, and, therefore, allowing reconstruction of ionization and return times of the electron [6] without making any classical assumptions about its position in the tunneling direction. Here, however, we experimentally observe a significant Coulomb correction to the electron momentum along the minor axis of polarization for laser ellipticities ϵ < 0.3, which includes values of ϵ well above the threshold where HHG is suppressed. Our results suggest that the Coulomb force along the direction of the weaker field should be accounted for when investigating electrons involved in HHG or in general any phenomena where laser fields with a weak transverse component are used.
Recent work [11, 13] has focused on the impact of the Coulomb interaction on electron momenta distributions, investigating Coulomb asymmetry [4, 11] and Coulomb focusing [13] . Hence, in Ref. [11] , it was found that the initial transverse velocity and the phase of the electric field at the time of ionization, unconventionally referred to as "tunneling time" by the authors (for the conventional definition see, for instance, Ref. [14] ), were important to Coulomb asymmetry, while in Ref. [13] significant Coulomb focusing was found perpendicular to the plane of polarization by studying transverse momenta distributions. Prior work on Coulomb focusing, investigated its impact on rescattering electrons [15, 16] . However, such electrons are difficult to identify experimentally, and, therefore, such investigations had to rely on classical simulations of electron trajectories [13, 15, 16] .
Here we adopt a different approach, identifying two independent observables, namely, the location of the center of the electron momenta distribution along the major and minor axis of polarization, as an independent probe of Coulomb asymmetry and Coulomb focusing, respectively. Since this approach uses only the center of the electron momenta distribution, it is easily accessible experimentally and very robust to noise. Using this method, neither transverse momenta spreads nor different phases of ionization are needed to detect Coulomb asymmetry or Coulomb focusing. Our investigation of experimentally measured ellipticity-resolved electron momenta in the plane of polarization unifies the two widely studied phenomena, showing how Coulomb focusing begins to break down at about the same value of ellipticity where Coulomb asymmetry becomes significant.
The electric field of a laser is given by
where ω is the frequency of the laser, ϵ is the ellipticity, withx andŷ taken to be the major and minor axes of polarization, respectively, and fðtÞ is the pulse envelope. The center of the electron momenta distribution that is measured at the detector is then given by ⃗ P ¼ P xx þ P yŷ (see Fig. 1 ) and corresponds to ionization at the peak of the electric field, or along the x axis, with drift momentum subsequently acquired predominantly along the y axis. A standard technique in strong field ionization, following Simpleman's model [17] [18] [19] [20] , is to neglect the Coulomb field after ionization [6, 12, 21, 22] and treat the dynamics classically, much as it is done in plasma physics [23] [24] [25] . In particular, if the Coulomb field along the minor axis of polarization is neglected, then the dynamics are determined solely by the y component of Eq. (1) [6], resulting in
where P y0 is the initial velocity at the tunnel exit [26, 27] , and the sign is determined by the direction of the electric field at the instance of ionization (0 or 180 deg). Figure 2 plots theoretical P y (green curve), given by Eq. (2), taking P y0 ¼ 0, in accordance with the most probable velocity predicted by the Ammosov-Delone-Krainov probability distribution at the tunnel exit [26] . Our experimental data, shown in Fig. 1 for low (ϵ ¼ 0.2) and high (ϵ ¼ 0.7) ellipticities, were obtained by recording electron momenta distributions in the plane of polarization after strong field ionization of helium over a complete scan of ellipticity ϵ of the laser field. The details of the experiment are given elsewhere [5] . In summary, the experimental setup used COLTRIMS [28] with a laser pulse duration (full width at half maximum) of 33 fs, peak intensity of 8 × 10 14 W cm −2 , and central wavelength of 788 nm. An ellipticity scan was performed using a broadband quarter-wave plate, which was rotated continuously. The electron momenta at the detector were recorded for different values of ϵ, ranging from linearly to near-circularly polarized light. The ellipticity scan corresponded to the range of the Keldysh parameter γ ¼ 0.5-0.7 , where γ is
q =F 0 , and γ < 1 is considered the tunneling regime [8, 29] . We were, therefore, able to investigate the impact of the force of the parent ion on the tunneled electron for all laser polarizations, from linear to circular. To extract the center of the electron momenta distribution, elliptical integration was used [30] . This method is robust for all values of ellipticity, resulting in a well-defined Gaussian fit [30] , without an asymmetric double-peak structure, which occurs with radial integration at low ϵ [5, 11] . We find that while the force exerted by the parent ion along the minor axis of polarization is negligible at higher ellipticities of laser light, it can be significant at lower values of ϵ. These experimental results are shown in Fig. 2 , where the location of the center of the electron momenta distribution along the minor axis of polarization P y is compared with the analytical prediction, given by Eq. (2). As can be seen from Fig. 2 , neglecting the Coulomb force on electron momentum along the minor axis of polarization, or the y axis, results in excellent agreement between theory and experiment for ϵ ≥ 0.3. For smaller values of ϵ, the change in momentum due to the interaction of the electron with the parent ion is substantial. This results in significant Coulomb focusing along the minor axis of polarization, Center of the electron momenta distributions P x and P y along the major and minor axis of polarization, respectively, obtained from experiment. Theoretical curves correspond to expected values in the absence of any Coulomb interaction for P y (green curve) and P x (horizontal black line).
PRL Fig. 3 , which plots electron momenta distributions along the y axis as a function of ϵ. From Fig. 3 , it is clear that a bifurcation occurs around the absolute value of ϵ ≈ 0.1, leading to the splitting of the electron momenta distribution and the loss of Coulomb focusing.
To calculate this bifurcation value, we use the condition P y þ ▵P y ≈ 0, with P y given by Eq. (2) and ▵P y calculated by following the unperturbed trajectory ⃗ rðtÞ of the electron in the laser field [10] :
The bifurcation value ϵ b can then be obtained by solving the following equation for ϵ 
where x 0 ðt; ϵÞ and y 0 ðt; ϵÞ are electron trajectories in the absence of the Coulomb force, provided in Ref. [21] . Solving the above equation numerically, we obtain jϵ b j ≈ 0.06, in approximate agreement with the experimental value of jϵ b j ≈ 0.1, shown in Fig. 3 . The discrepancy between the analytic and experimentally obtained estimates of ϵ b is in part explained by considering that the location of P y at zero for low values of ϵ is not due exclusively to the Coulomb correction, but also to the fact that a double peak is not formed immediately as two Gaussian distributions begin to separate with increasing value of ϵ. Another factor is that a perturbative approach tends to underestimate the total Coulomb correction. Overall, the analysis supports the conclusion that the bifurcation point corresponds to the value of ϵ where the Coulomb force becomes too weak to offset the velocity drift along the minor axis of polarization created by the laser field. We next investigate the Coulomb effect on momentum following the commonly used approach first proposed by Goreslavski et al. [10] , finding that it fails to correctly predict both the values of P x and P y at low ellipticities. In particular, this method predicts a correction to P x , and no correction to P y . Looking at Fig. 2 , it is clear that the situation is actually reversed: there is a noticeable correction to P y (causing it to deviate from the Coulomb-free theoretical curve) and virtually no correction on P x for ϵ < 0.1.
The method in Ref. [10] assumes that the momentum correction from the parent atom can be estimated by only considering the dynamics immediately after ionization, while the electron is still close to the tunnel exit. To calculate this correction to the momentum, the electron trajectory at the peak of the laser field is approximated by [10] ⃗ rðtÞ ¼ ðx e þ ð1=2ÞF max t 2 Þx, where
. The Coulomb correction to the center of the electron momenta distribution is then calculated by substituting this ⃗ rðtÞ into Eq. (3). Since the maxima of the electric field points in the x direction, the Coulomb correction causes a shift only along the x axis, predicting no change in momentum along the minor axis of polarization. Based on this calculation, there should have been complete agreement between the experimental measurements for P y and the theoretical curve plotted in Fig. 2 . For nonzero initial transverse velocity, the Coulomb correction along y is predicted to be nonzero in Ref. [10] , but is likewise negligibly small, and so does not seem to account for our experimental findings. In particular, in Ref. [12] , it was found, following the approach in Ref. [10] , that for ϵ ¼ 0.1, ▵P y =P y ≤ 0.06, where ▵P y is the Coulomb correction to the momentum along the minor axis and P y is the corresponding unperturbed momentum. Here on the contrary, our experimental results show that for ϵ ≤ 0.1, the correction to P y completely cancels out the unperturbed drift velocity, or ▵P y =P y ≈ 1, as Fig. 2 shows.
On the other hand, following the approach in Ref. [10] we calculate a Coulomb correction that is in reasonably good agreement with our experimental data for ϵ ≥ 0.3. In particular, Eq. (3) gives ▵P x ≈ −ðπ=4Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2=F max p x −3=2 e . Substituting the exit point calculated by using a quadratic approximation of the cubic solution in parabolic coordi-
Þ=2F max , we obtain
where (5) is plotted along with experimental results in Fig. 4 . This figure shows that the perturbative approach proposed in Ref. [10] significantly overestimates the magnitude of the Coulomb correction on momentum along the major axis of polarization at small ϵ, and slightly underestimates it at higher ϵ. Figure 2 indicates how the two components of the center of the electron momenta distribution, given by P x and P y , 
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week ending 27 DECEMBER 2013 263001-3 can be used as complementary probes of Coulomb effects, depending on the value of ϵ. In particular, at low values of ϵ, P x shows no evidence of Coulomb interaction, P x ≈ 0, while P y shows significant deviations from theory due to Coulomb effects. This situation reverses itself as ellipticity increases. Since the deviation of P x from zero is the underlying cause of Coulomb asymmetry [10] , it serves as a sensitive probe of electron interaction with a parent ion at higher values of ellipticity, corresponding to ϵ ≈ 0.2 and above (see Fig. 4 ). On the other hand, the interaction with the parent ion leaves a significant imprint on the momentum P y at low values of ϵ, resulting in substantial Coulomb focusing. This focusing can be seen in Fig. 3 , where P y ≈ 0 up to the bifurcation value of around ϵ ≈ 0.1. This bifurcation is due to the long-range interaction with the parent ion, with blue lines in Fig. 3 , given by Eq. (2) , showing that no such bifurcation occurs when this interaction is absent. Hence, Coulomb focusing is a sensitive indicator of the electron-ion interaction at low ellipticities of laser light, with Coulomb asymmetry becoming significant just as Coulomb focusing begins to break down.
It is clear that the absence of Coulomb asymmetry, characterized by P x ¼ 0, means that the approach in Ref. [10] , which always predicts a nonzero value of P x [see Eq. (5) and Fig. 4 ], fails at low epsilon, predicting a significant asymmetry which is not actually observed. Figure 4 illustrates this, showing that Ref. [10] indeed fails for low ellipticities, but becomes quite accurate for ϵ values higher than about 0.3. To understand why, we performed classical trajectory simulations of electrons after strong field tunnel ionization, following the method described in Ref. [30] . We then extracted the trajectories with final momenta corresponding to those found at the center of the momenta distribution (CMD) measured in our experiment. The results clearly show (see Fig. 1S in Ref. [31] ) that at lower values of ellipticity, the CMD trajectories are not ionized at the peak. Therefore, the failure of Ref. [10] at lower ellipticities seems to be, at least partly, due to the fact that the trajectories with the highest probability of tunneling do not find their way to the CMD. Given that Rydberg capture and rescattering can be quite significant at lower ellipticities, but almost completely disappears for ϵ > 0.3, as was found in Refs. [32, 33] , it seems plausible that many of the same tunneled electron trajectories which end up in the CMD at higher ellipticities, either rescatter or are captured into Rydberg states at low values of ellipticity. This would explain why the highest density of trajectories at low ellipticities seems to come before the peak, where the probability of ionization is not the highest. This explanation is supported by a prior experiment [33] that shows that the percentage of electrons captured into Rydberg states via the process of frustrated tunnel ionization is significant for our experimental parameters at low ellipticity: around 10 percent for linear polarization and quickly decreasing with increasing epsilon. Moreover, another work [21] derives a probability distribution of Rydberg states as a function of ellipticity, showing that a large fraction of Rydberg states formed by frustrated tunnel ionization come from ionization near the peak of the laser field, thereby preventing the observation of these electrons at the detector.
In conclusion, our study offers a unified approach to direct experimental investigation of the role of long-range potentials in strong field laser-atom interaction. We use the center of the electron momenta distribution, which is both experimentally easy to access and robust to noise. Our conclusions do not rely on classical trajectory simulations or on momenta spreads (which, while experimentally accessible, are more affected by uncertainties, such as thermal ion spreads if COLTRIMS is used [5, 13] ). We observe significant long-range electron-ion interaction along the minor axis of polarization at low ellipticities of laser light, leading to substantial Coulomb focusing and bifurcation in the electron momentum. Our results complement prior studies that found significant Coulomb focusing perpendicular to the polarization plane for low ellipticities of laser light [13, 34] . Since Coulomb interaction along the minor axis of polarization is normally neglected in the analysis of electron dynamics [6, 11, 12] , and does not appear in standard calculations of the Coulomb effects [10] , an alternative calculation is presented that shows approximate agreement with the experimental bifurcation value.
The breakdown of Coulomb focusing and the onset of Coulomb asymmetry are shown to occur around the same value of ellipticity of laser light. Both effects are caused by the departure of the center of the electron momenta distribution from zero and, hence, to a substantial decrease of zero energy states, and, consequently, Rydberg states [21] . Our results point to a common underlying mechanism behind the breakdown of Coulomb focusing, the onset of Coulomb asymmetry, and the loss of Rydberg electrons with increasing ellipticity of laser light. 5), following the approach in Ref. [10] . The Coulomb effects on P x are negligible for ϵ ≤ 0.1.
